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Time-domain reduced-order modelling
of linear finite-element eddy-current
problems via RL-ladder circuits
Ruth V. Sabariego and Johan Gyselinck
Abstract This paper deals with the reduced-order modelling of magne-
tically-linear eddy-current devices which have a single electrical port, i.e. one
terminal voltage and current. The device is first characterised by means of
frequency-domain finite-element computations considering the relevant fre-
quency interval, for subsequently fitting constant-coefficient RL ladder cir-
cuits of adjustable size (i.e. number of branches and loops). The accuracy
of the ladder-circuit model is assessed in both frequency and time domain.
This approach is successfully applied to the axisymmetric magnetic-levitation
device of TEAM Workshop problem 28, which includes a position degree of
freedom as well.
1 Introduction
Finite-element (FE) modelling of electromagnetic devices allows to consider
with variable precision the (2D or 3D) geometry and dimensions, magnetic
material properties (including saturation and possibly hysteresis), time varia-
tion (static, sinusoidal regime and time stepping), induced currents in massive
conducting parts, electrical connectivity and supply conditions, along with
mechanical conditions and equations in case of an electrical machine or actu-
ator [1] [2]. In high-frequency devices and high-speed machines, eddy currents
and eddy-current effects in lamination stacks and windings can be of prime
concern, in which case homogenization techniques, rather than brute-force
modelling, may be indispensable for computational-cost reasons [3] [4].
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Time-stepping FE simulation may be the suitable approach for studying
the performance of the device in simple steady-state electrical and mechanical
operating conditions, and possibly for optimising the device in such condi-
tions. If the next stage in the analysis/design is about more realistic tran-
sient operation, possibly along with (closed-loop) control and integration in
the wider system, the FE model may become prohibitively expensive, and
a computationally cheaper model, generically referred to as reduced-order
model (ROM), should be derived, even when this implies a certain loss of
accuracy.
Purely mathematical ROMs [5] in various engineering disciplines are flex-
ible and automated models that capture the essential features of a problem
with a prescribed accuracy. The most widely used ROMs are those based on
the proper orthogonal decomposition (POD) [6]. The POD approach relies
on a snapshot selection, i.e. solutions of the full model for typical working
conditions, at different frequencies or time steps, so as to construct a reduced
basis [7]. Expensive Greedy algorithms that scan the discrete space are used
for selecting suitable sets of snapshots [8]. In [9], POD is combined with dis-
crete empirical interpolation for handling a nonlinear magnetostatic problem.
The treatment of movement has been considered as well, though there are
to date very few works in electromagnetics. An electrical machine is studied
in [10] with a locked-step approach, i.e. the mesh does not change with rota-
tion. As common feature, all these ROMs involve little or no physical insight
of the device or problem at hand.
Alternatively, ROMs can also be based on the systematic, more physics-
based identification of the device via a series of simple static or dynamic FE
computations [11, 12], rather than on a manipulation of the FE equations
and matrices. Such an approach is more or less straightforward and feasible
depending on the characteristics of the electromagnetic device: the number
of independent currents (or voltages) ni, the absence/presence of saturable
magnetic materials and induced currents, and the number of position degrees
of freedom np (none, one or more). Different particular cases can be distin-
guished. If the system is magnetically linear and comprises no eddy currents,
the current-independent ni × ni inductance matrix can be straightforwardly
obtained by ni magnetostatic computations; position dependence, if any, can
be quantified by a suitable sampling in the np-dimensional motion space.
Through tabulation and interpolation (extrapolation) of the inductance val-
ues, a minimum-cost model of the device is easily arrived at, with a priori
little or no loss of accuracy.
The situation changes drastically in presence of saturable material, as all
ni×ni inductance values depend on all ni currents, leading quickly (for all but
very small ni) to an unworkable number of magnetostatic computations to
carry out for sampling the current space, possibly combined with the motion
space [13]. The presence of eddy currents (or eddy-current effects) is an-
other major complication. For linear (i.e. magnetically-unsaturable) systems,
frequency-domain characterisation is relatively straightforward, as well as its
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time-domain extension. The latter can be easily done via a ladder-circuit-like
approach for single-port systems. For a generalisation to multi-port systems,
see e.g. [14]. For the case with eddy currents and saturation, a general ap-
proach is much less evident and ad-hoc approaches and approximations seem
unavoidable, e.g. [15].
In this paper we focus on a relatively simple, though far from trivial case,
which is the one of a magnetically-linear device having one terminal current
(and voltage) and which includes eddy currents and 1D movement. The devel-
opments are directly done for and applied to the levitation device of TEAM
Workshop problem 28 (TWP28) [16], knowing that the application to 2D
translation-symmetrical and 3D problems is very similar. In the following
section the TWP28 device is first presented and identified in the frequency
domain, at a number of relevant frequencies and positions. In section 3 an
approximate ladder-circuit model is fitted and validated considering both si-
nusoidal and transient regime, whereby the position is held constant (within
the relevant range). Note that time-varying position is a non-trivial compli-
cation, which will be dealt with in a further paper.
2 TWP28 - Frequency-domain FE identification
The axisymmetric device of TWP28 comprises two concentric anti-series-
connected coils (both of rectangular cross-section in the rz-plane) and a
3 mm-thick aluminum circular disk located concentrically at a certain height
above the coils [16]. Part of the 2D model can be seen in Figs. 1 and 2;
the clearance between the coils and the plate is 3 mm, i.e. position degree of
freedom zpl.
The well-known magnetodynamic vector potential formulation (MVP), in
terms of its tangential component is adopted, either in the time or frequency
domain (aφ(t) or aφ); its allows for tangential current density, which is either
imposed or induced (stranded versus massive conductors, terminology used
in [17]). All complex numbers are denoted by underlined symbols. E.g., a
sinusoidal current i(t) = ıˆ cos(ωt+γ) is represented by phasor i = ıˆ exp(γ) =
ıˆ (cos γ +  sin γ), where f and ω = 2pif are the frequency and the pulsation,
ıˆ the amplitude, γ the phase angle, and  the imaginary unit.
The inner and outer coil have n1 = 960 and n2 = 576 turns of copper
wire respectively, for a total DC resistance of R0 = 6.73Ω; no skin and
proximity effect in the winding is considered. The classical, trivial stranded-
coil modelling implies a uniform current density in the two respective cross-
sections [4], and allows for either imposed terminal current, i(t) or i, imposed
terminal voltage, v(t) or v, or insertion in an electrical current [17]. The
associated flux-linkage of the anti-series connected coils, Ψ(t) or Ψ , simply
depends on the MVP, aφ(r, z, t) or aφ(r, z), via the integral of the latter over
the cross-section of the coils, Ωcoil,1 and Ωcoil,2, considering the respective
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number of turns [17]:
ψ(t) =
n1 2pi
Ωcoil,1
∫
Ωcoil,1
aφ rdrdz − n2 2pi
Ωcoil,2
∫
Ωcoil,2
aφ rdrdz . (1)
The three global variables, i.e. voltage, current and flux-linkage, are linked,
either instantaneously or phasor-wise, as follows:
v(t) = R0 i(t) +
dψ
dt
and v = R0 i+ ωΨ . (2)
In the low-frequency limit f → 0, there are no eddy currents in the (non-
magnetic) plate, such that ψ = L0i with L0 = 73.23 mH the DC inductance.
This inductance is in theory zpl-independent as the plate is non-magnetic.
In practice, using a position-dependent FE mesh, with around 4600 triangu-
lar first-order elements and around 2000 nodes, the resulting L0 varies very
slightly with position, namely less than ±0.5µH or ±L0/105. The plate is in-
variably meshed with 4 layers of elements in the thickness direction, which is
sufficient for frequency-domain computations till 1 kHz; indeed, at the latter
frequency the skin depth
√
2/(ωσµ0) in the plate is 2.7 mm, such that the
3-layer-per-skin-depth rule of thumb is satisfied.
Re(jz)
-1.37e+07 -3.71e+06 6.31e+06
Im(jz)
-1.37e+07 -3.71e+06 6.31e+06
Fig. 1 Flux lines and induced current density in the plate, real (left) and imaginary (right)
parts, with f = 50 Hz, zpl = 3 mm and ı = 20 A
Re(jz)
-5.01e+07 1.93e+07 8.88e+07 -5.01e+07 1.93e+07 8.88e+07
Im(jz)
Fig. 2 Flux lines and induced current density in the plate, real (left) and imaginary (right)
parts, with f = 1 kHz, zpl = 3 mm and ı = 20 A
The complex terminal impedance Z = v/i = R + ωL depends on both
frequency f and position zpl. The series AC resistance R(f, zpl) and induc-
tance L(f, zpl) can be obtained from the FE model, with suitable {f, zpl}
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sampling, via the aforementioned global variables, where, given the linearity,
any voltage v or any current i can be imposed.
Identical frequency-domain results can be obtained via the active power
P = 12R ıˆ
2 (W) and reactive power Q = 12L ıˆ
2 (W, or rather VAr, volt-
amperes-reactive, as is conventional in the electrotechnical community), with
e.g. imposed i = 1 A current. The active power is equal to the sum of the
Joule losses in the stranded coils, 12R0 ıˆ
2, and those in the conducting domain;
the latter follow from the integration of the loss density 12ρˆ
2
φ over the disk
cross-section Ωdisk, with ρ the resistivity and ˆφ(r, z) the amplitude of the
current density:
P =
1
2
R ıˆ2 =
1
2
R0 ıˆ
2 +
1
2
∫
Ωdisk
ρˆ2φ 2pirdrdz . (3)
The reactive power Q follows from the integration of the magnetic energy
density 12νbˆ
2, with ν the reluctivity and bˆ2(r, z) = bˆ2r + bˆ
2
z the square norm of
the flux density vector, over the complete cross-section Ω of the model:
Q =
1
2
L ıˆ2 =
1
2ω
∫
Ω
νbˆ2 2pirdrdz . (4)
Some results obtained this way are shown in Fig. 3, namely the relative
change in resistance and inductance due to the induced current in the con-
ducting disk, i.e. ∆R(f, zpl)/R0 and −∆L(f, zpl)/L0, with ∆R = R−R0 and
∆L = L−L0, versus frequency, in the 10 to 1000 Hz interval, with a suitable
double logarithmic scale, and for three separate positions, viz zpl = 3, 10 and
17 mm.
3 Ladder-circuit approximation
The frequency-dependent series resistance and inductance, R(f, zpl) and
L(f, zpl), obtained with the FE model and depicted in Fig. 3 (full lines),
can be approximately effected with a finite constant-coefficient ladder circuit
as shown in Fig. 4. Fed by the terminal voltage v(t) (terminal current i(t)),
this circuit comprises a loop with the DC resistance R0 and DC inductance
L0 and further nb auxiliary loops {Rk, Lk} and currents ik (k = 1 . . . nb).
The nb + 1 circuit equations can be written in matrix notation in terms of
the column vector I(t) = [i(t) i1(t) i2(t) . . . inb(t)]
T or I and corresponding
voltage column vector V(t) = [v(t) 0 0 . . . 0]T or V:
V(t) = RI(t) + L
d
dt
I(t) or V =
(
R+ ωL
)
I , (5)
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Fig. 3 Relative increase/decrease of terminal AC resistance and inductance versus fre-
quency, for 3 different positions, obtained with the FE model (full lines) and the ladder
circuit (markers, nb = 1 and nb = 3)
where R is diagonal and L tridiagonal and symmetric. Note that the source
term in (5) is either the terminal current i or the terminal voltage v, i.e. the
first element in column vectors V(t) or I(t) (I or V), respectively.
i1 R2R1
v
i R0
L0 L1 L2
i2
Fig. 4 Ladder circuit with two auxiliary loops and currents (nb = 2)
With nb = 2, i.e. the ladder circuit shown in Fig. 4, R and L read:
R = diag (R0, R1, R2) , L =
 L0 −L0 0−L0 L0 + L1 −L1
0 −L1 L1 + L2
 . (6)
In near-DC conditions, low-frequency limit f → 0, this circuit amounts
to the terminal DC series impedance R0 + ωL0. As a reminder, for the
application considered, TWP28, this impedance is position-independent.
For a given nb and zpl, the 2nb parameters Rk and Lk are determined
by fitting the ensuing impedance Znb(f, zpl) to the reference FE impedance
ZFE(f, zpl) in the relevant frequency interval, e.g. by means of the Nelder-
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Mead simplex method (nonlinear minimization). Some results are depicted
in Fig. 3 for nb = 1 and nb = 3; one observes an excellent agreement with
the FE results for nb = 3.
Next time-domain computations with f = 1 kHz, v(t) = 500 V · sin(ωt)
(v = − 500 V) and zpl equal to either 3, 10 or 17 mm are carried out. With
the ladder-circuit approximation, the instantaneous Joule losses in the plate
are given by
∑nb
k=1Rk i
2
k(t). See Fig. 5. Excellent convergence towards the FE
results is observed with increasing nb.
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Fig. 5 Losses in the plate versus time (zpl = 10 mm; 1 kHz voltage supply), computed
with FE model and RL ladder circuit (nb equal to 1, 2 and 3)
Fig. 6 shows how the resistance and inductance values of the ladder circuit
with nb = 3 vary with the positon zpl of the plate, as a result of the separate
fitting for each discrete position. The six curves shown are each smooth, but
some curves comprise a deflection point.
Further development, in a next paper, will include time-varying position.
For this, one single global fitting may be required, using for the resistances
and the inductances preset expressions in terms of zpl.
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Fig. 6 Fitted Rk resistances and Lk inductances of the nb = 3 ladder circuit versus
position (fitting between 10 Hz and 1 kHz, per position, with ∆zpl = 0.25 mm)
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